Complete next-to leading order QCD predictions for (2+1) jet cross sections and jet rates in deep inelastic scattering (DIS) based on a new parton level Monte Carlo program are presented. All relevant helicity contributions to the total cross section are included. Results on total jet cross sections as well as differential distributions in the basic kinematical variables x, W 2 and Q 2 are shown for HERA energies and for the fixed target experiment E665 at FERMILAB. We study the dependence on the choices of the renormalization scale µ R and the factorization scale µ F and show that the NLO results are much less sensitive to the variation of µ = µ F = µ R than the LO results. The effect of an additional p T cut to our jet definition scheme is investigated.
I. INTRODUCTION
The start-up of the HERA electron-proton collider in 1992 marked the beginning of a new aera of experiments exploring Deep Inelastic Scattering of electrons and protons [1, 2] . One of the topics to be studied at HERA will be the deep inelastic (≡ high Q 2 ) production of multi jet events * , where good event statistics are expected allowing for precision tests of QCD. Multijet events in DIS are first observed at the FERMILAB E665 experiment [3] .
In this paper, we present complete results for (2+1) jet cross sections ("+" denotes the remnant jet) in DIS based on a new parton level Monte Carlo program DISJET [4] . All helicity contributions to the total cross section (i.e. σ U +L [(2 + 1) − jet] and σ L [(2 + 1) − jet]; see below) are included. Note, that in contrast to jet production in e + e − experiments, it is not sufficient to calculate the contraction with the metrical tensor −g µν on the hadronic tensor. For our kinematical ranges at HERA (defined below), the ratio of "−g µν H µν / complete" is 0.75 (0.85) for the "low (high) Q 2 range". Leading order (LO) and next-to leading order (NLO) matrix elements for the processes eP → e+n jets+remant jet (n = 1, 2, 3) are implemented in DISJET. Using an invariant jet definition scheme introduced in [5, 7] we present results for total NLO (2+1) jet cross sections as well as differential distributions in the basic kinematical variables x, W 2 and Q 2 . The dependence on the renormalization scale µ R and factorization scale µ F is investigated. It is shown that the NLO predictions are much less sensitive to the choice of the scales that the LO results alone. Varying µ 2 = µ T induces an uncertainty of roughly ±3% in the NLO (2+1) jet cross section predictions compared to about ±17% for the LO results for the "high Q 2 range" (Q 2 > 100GeV 2 ) at HERA. We have also studied the dependence on other choices of the scales [µ 2 = 0.1Q 2 − 10Q 2 ; y cut W 2 ] and found that these variations lead to larger uncertainties (see table 1 ). However, a choice of the scales like µ 2 ∼ p 2 T seems to be the more appropriate choice in the case of (2+1) jet production † . We also explore the dependence of the (2+1) jet cross section on an additional cut on the transverse momentum p T of the jets (p T is defined with respect to the γ * direction). It is shown that most of jets at a center of mass (cm) * Much higher effective luminosity will be achieved for low Q 2 quasi-real photoproduction of jets. The theoretical interpretation of these events, however, is more difficult, since there is added complication of the direct and the resolved photon contribution to the cross section, which are hard to separate † An extreme example would be (2+1) jet production at very low Q 2 (Q 2 ≈ 1GeV 2 ),where Q 2 cannot be the relevant scale for high p T jet production.
energy of
√ s = 30 GeV (E665 experiment) are produced with a transverse momentum less than 3 GeV using our jet definition scheme. Therefore, one should use resummation techniques to obtain a reliable perturbation expansion in this region. This problem is not tackled in this paper. Finally we also present results for different values of the jet resolution parameter y cut . A comparison of jet measurements with our predicted QCD results provides a direct tool of determining α s or Λ MS . Hadronization corrections may be minimized by restricting such an analyses to large momentum transfer Q 2 which causes sufficiently large transverse momenta of the participating partons.
The paper is organized as follows: In section II we discuss the general structure of the cross sections used in the calculation. Section III explains the jet definition scheme and in section IV we discuss kinematical ranges and numerical results for (2+1) jet cross sections and rates. Finally, section V contains a short summary.
II. MATRIX ELEMENTS
Consider deep inelastic electron proton scattering
Reaction (1) proceeds via the exchange of an intermediate vector boson V = γ * , Z, W . In this paper only the exchange by a virtual photon is considered. We denote the γ * -momentum by q, the absolute square by Q 2 , the center of mass energy by s, the square of the final hadronic mass by W 2 and introduce the scaling variables x and y:
At fixed s, only two variables in (2) are independent, since e. g.
When one of the hadronic final state momenta p 1 is measured, reaction (1) is described in the one photon exchange by five parity conserved hadronic structure functions
where we have introduced current conserved momenta variablesp
q 2 q µ . The four µ ↔ ν symmetric structure functions H 1 − H 4 contribute to so called T-even observables whereas the µ ↔ ν antisymmetric structure function H 5 gives a contribution to "T-odd" observables [6] . To O(α s ) in QCD one populates only H 1 − H 4 as there are no loop contributions to that order. LO contributions to these structure functions have been extensively studied in the literature [5, [7] [8] [9] [10] [11] [12] [13] [14] .
Note that in the totally inclusive case, where no final hadron momenta are measured, one only has contributions to H 1 and H 2 which are then denoted by the more familiar names W 1 and W 2 .
Experimentally one can measure the so called helicity cross sections σ U +L , σ L , σ T , σ I , σ A through lepton hadron correlation effects. They factorize the following y and φ dependence [5] :
In eq. (4) φ denotes the azimuthal angle between the parton plane ( p, p 1 ) and the lepton plane ( l, l ′ ) (in the (γ * -initial parton)-cms). The helicity cross sections σ X (X ∈ {U + L, L, T, I, A}) are linearly related to polarization density matrix elements of the virtual γ * . One has:
where ization, σ T and σ I , σ A mean transverse and transverse-longitudinal interference, respectively. These helicity cross sections are also linearly related to the five covariant structure functions defined in eq. (3) (see Apendix B of [5] ). In this paper we present results for (2+1) jet cross sections where we have integrated over the azimuthal angle φ. Therefore only σ U +L and σ L contribute in eq. (4). These two cross sections can technically be obtained by the following covariant projections on the (partonic) hadrontensorĤ µν , which is calculated in fixed order perturbation theory (p = ηP denotes the momentum of the incoming parton and x p = Q 2 /(2pq)):
The O(α 
and the corresponding anti-quark processes with q ↔q. Matrix elements for the complete contributions to (2+1) jet NLO O(α 2 s ) corrections are first discussed in [15] . The NLO matrix elements used in the MC program DISJET are based on these matrix elements. In addition, we have also included the full NLO scale dependent contributions. Note, that the second projection (∼ p µ p ν ) in σ U +L in eq. (10) gives a contribution of the order of 15 − 30% to the (2+1) jet cross sections depending on the kinematical ranges, wheras the contribution from σ L in eq. (11) is fairly small (less than 1% in our kinematical ranges). This originates from the y dependent coefficients (1 + (1 − y)
2 ) and −y 2 and the fact that y is peaked at small values (see fig. 9 in [7] ). The (2+1) jet NLO contributions originating from the projection with −g µν on the hadron tensor (see eq. (10)) are first presented and discussed in detail in [16] . A complete list of tree level matrix elements with up to four partons in the final state can also be found in [17] .
The general structure of the NLO jet cross sections in DIS within the framework of perturbative QCD in given by:
where one sums over a = q,q, g. f a (η, µ 2 F ) is the probability density to find a parton a with fraction η in the proton if the proton is probed at a scale µ 
III. JET DEFINITION
In order to calculate the (2+1) jet cross section we have to define what we call (2+1) jets by introducing a resolution criterion. As has been elaborated in detail in [5, 7] energy-angle cuts are not suitable for an asymmetric machine with its strong boosts from the hadronic cms to the laboratory frame. As a jet resolution criterion we use the invariant mass cut criterion defined in [5, 7, 15, 16] such that
where y cut is the resolution parameter and s ij is the invariant mass of any two final state partons, including the remnant jet with momentum p r = (1 − η)P . M c is a typical mass scale of the process which defines the jet definition scheme. In this paper we choose M 2 c = W 2 . This corresponds to the "W -"scheme in [5] . Other jet definition schemes based on a k T algorithm are proposed in [18] . M 0 is a fixed mass cut which we have introduced in order to clearly separate the perturbative and non-perturbative regime in the case where W 2 is small. M 0 is fixed to 2 GeV [7] in all our results.
IV. NUMERICAL RESULTS
We will now turn to our numerical cross section results and present results for the actual HERA cm energy of 295 GeV as well as for the FERMILAB fixed target experiment E665 with a cm energy of 30 GeV. All results are based on a new Monte Carlo program DISJET [4] . The Monte-Carlo routines are using the VEGAS-package [19] for numerical integration. Parton distributions are incorporated from the packages [20, 21] . Our standard set of parton distribution functions is MRS set D- [22] . If not stated otherwise, we use the one-loop formula for the strong coupling constant α s for our LO results
whereas we employ the two loop formula
in our NLO predictions. The Λ MS value is chosen consistent to the Λ
value from the parton distribution functions. The value of α s is matched at the thresholds q = m q and the number of flavours n f in α s is fixed by the number of flavours for which the masses are less than µ R . Furthermore the number of quark flavours that can be pair-produced are set equal to n f chosen in α s . In all predictions, the renormalization scale and the factorization scale are set to be equal: µ In addition, we use two different Q 2 ranges: "Low Q 2 range:" 4 GeV 2 < Q 2 < 100 GeV
Note that the kinematical cuts in eq. (17) are not independent, for example the x and y cut also imply W > 55 GeV (W 2 = (1 − x)ys) and x max in the low Q 2 range is x max = 0.0287 rather than 0.1 (Q 2 = xys). Our kinematical range for the E665 experiment is defined by [3] : 0.003 < x 0.08 < y < 0.95 4 GeV In fig. 1 we show the dependence of the (2+1) jet rate on the resolution parameter y cut for the two different Q 2 ranges at HERA (a,b) and for the E665 experiment (c). Solid (dashed) lines correspond to NLO (LO) predictions. The renormalization scale µ 2 R and the factorization scales µ 2 F are set equal to Q 2 (lower curves) and p 2 T (upper curves). The transverse momentum p T of the jets is defined in eq. (19) . One observes, that the NLO corrections lower the (2+1) jet rate by about 15%. At y cut = 0.02 the (2+1) jet rate exceeds about 4% (12%) for the low (high) Q 2 range at HERA. For the E665 experiment, the (2+1) jet rate exceeds about 10-11% for y cut = 0.04. In the following, we use y cut = 0.02 for HERA and y cut = 0.04 for E665 as our standard values.
To get a feeling for the theoretical uncertainties originating from the choice of the renormalization and factorization scales, we show numerical results for the (2+1) jet cross sections for different µ 2 values in table 1. Let us first comment on the choice of the scales. In DIS scattering it is natural to take
However, for jet production, the transverse momentum p T of the jets should also be considered as a relevant scale. The transverse momentum is defined with respect to the γ * direction. For the (1+1) case, one has two jets, the remant jet and the struck parton jet, both with zero p T § . In our case of (2+1) jet production, one expects two partonic jets with nearly opposite large p T and the remnant jet at p T = 0. For the LO processes, p T is given by:
with
where p 1 is the four momentum of one of the final partons. Finally, in analogy to the jet analysis in e + e − experiments one may use y cut W 2 (see. eq. (14)) as a possible scale. To avoid to small scales for perturbation theory, the scales are clipped at a minimum value of 2 GeV 2 . Varying
2 induces an uncertainty of roughly ± 17% (± 4%) in LO (NLO) for the high Q 2 range at HERA and ± 20% (± 10%) in LO (NLO) for the E665 experiment. Therefore, the uncertainty in the theoretical predictions is markedly reduced by the NLO corrections.
In figs. 2-10 we show the dependences of the total cross section and the (2+1) jet cross sections as well as the (2+1) jet rate on the basic kinematical variables (14) where the required invariant mass of the jets increases with increasing W 2 . The (2+1) jet rate for the high Q 2 sample is larger than for the low Q 2 range since the larger Q 2 causes at the average larger transverse momenta of the participating partons (see eq. (19)) and larger invariant masses. Comparing figs. 2,3 and figs. 4,5 one observes again that the uncertainty from the choice of the scales in the LO predictions is very large (figs. 2,3) whereas this uncertainty is markedly reduced by including the NLO corrections (figs 4, 5) .
Turning now to the x distributions one observes a quite different behaviour of the cross sections for the different kinematical ranges in figs. 6 and 8. The x distributions are mainly governed by the behaviour of the respective parton distributions in the allowed kinematical regions. Note that x max = 0.0287 for the low Q 2 range (figs 6a and 8a). The (2+1) jet rates in figs. 7 and 9 are increasing with increasing x. This is mainly an effect of the increasing (2+1) jet phase space in our jet definition scheme (for a detailed discussion of the O(α s ) (2+1) jet phase space see [5] ). Comparing the distributions in figs. 6-9, one observes again that the NLO predictions in figs. 8,9 are much less scale dependent than the LO predictions in figs. 6,7. T dependence in α s is overcompensated by the increasing (2+1) jet phase space relative to the total cross section in our jet definition scheme. One observes sizable differences between the predictions using a constant α s and scale dependent (two-loop) α s . Therefore a clear discrimination between the solid and dotted curves should be possible with the expected event statistics at HERA.
Note also, that µ 2 = p 2 T tends to predict larger (2+1) jet rates and differential distributions than µ 2 = Q 2 (see also table 1 and figs. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . This is in particular true for lower W 2 and higher x values. In order to explore the p T dependence of the jet rates in more detail, fig. 11 shows results for the (2+1) jet rate as function of an additional p T cut. Applying a p T cut of 4 GeV reduces the (2+1) jet rate for the low (high) Q 2 range at HERA from ∼ 4% to 2-3% (∼ 12% to ∼ 10%) whereas the (2+1) jet rate falls from 10% to less than 1% for the FERMILAB experiment. Fig. 11c shows also, that more than 50% of the jets at √ s = 30 GeV are produced with a transversal momentum less than 2 GeV. However, these values are too small to allow for reliable predictions in fixed order perturbation theory and resummation techniques should be used in this kinematical region. In fact , the experimental results presented by the E665 collaboration [3] are significantly higher than our second order predictions in figs. 1-9 c. In table 2, we give results for jet cross sections with an additional p T min cut. Figs. 12-15 show the corresponding W and x distributions. Note that the (2 + 1) jet rates in figs. 12-15 are less x and W dependent than our results without the additional p T min cut. This demonstrates that the increase of the jet rates for small W (figs. 3, 5) and large x values (figs. 7,9) is mainly an effect of low p T jets. This is also clear by an inspection of eq. (19).
V. SUMMARY
The (2+1) jet production in DIS is calculated up to NLO in perturbative QCD using an invariant jet definition scheme. The theoretical uncertainties originating from variations of the renormalization/factorization scales are well under control. Differential distributions of (2+1) jet rates in W 2 , x and Q 2 are presented. A comparison with the large numer of events expected at HERA in the near future will allow for precision tests of perturbative QCD. It is shown that an additional p T cut to our jet definition scheme is necessary to obtain reliable predictions for jet production at the energy of the E665 experiment at FERMILAB. T (from top to bottom). We have used the two-loop formula for α s . Fig. 12 W dependence of the total cross section (upper line) and the (2+1) jet cross section in LO for the low Q 2 (a) and high Q 2 (b) range at HERA and for the E665 experiment (c) with an additional p T min cut of 4 GeV (for the jet cross sections). Same parameters as in fig. 11 for the (2+1) jet cross sections. Fig. 13 W dependence of the (2+1) jet rate in LO with an p T min cut of 4 GeV (parameters as in fig. 11 ).
Fig. 14. x dependence of the total cross section (upper line) and the (2+1) jet cross section in LO for the low Q 2 (a) and high Q 2 (b) range at HERA and for the E665 experiment(c) (parameters as in fig. 11 ). fig. 11 ).
